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ABSTRACT 

This article is concerned with the decay property in the L 1 norm as 
t --+ ~ of the nonnegative solutions of the initial value problem in R n 

ut = Au + ~lVvl q 
vt = Av + u l V u F  

for different values of the parameters p, q _> 1 and when/~, u < 0. If 

inf(p, q) 
pq > + (n + 2)/(n + 1) 

n + l  

then l i m t ~ + ~  ][u(t) + v(t)]]l > 0 and when 

inf(p, q) 
pq  < + (n + 2)/(n + 1) 

. 7 ~  

then limt--,+~ ]]u(t) + v(t)[]l ---- 0. 

1.  Introduct ion  and r e s u l t s  

W e  a r e  i n t e r e s t e d  in  t h e  c o u p l e d  n o n l i n e a r  p a r a b o l i c  e q u a t i o n s  

(1) { ~ = ~ + ~lVvlq 
vt A v + u l V u l  p 

w i t h t _ > 0 ,  x E R  ' ~ , p , q _ > l a n d # , v < 0 .  
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Our main result determines L 1 decay properties of nonnegative solutions to 
the coupled system (1) for different values of the parameters p and q. It is an 

extension of some recent results concerning the nonnegative solutions of the scalar 
equation 

(2) u~ = Au + ~lVui  q, 

w h e r e q > l a n d # < 0 .  

Existence and L 1 decay properties for the solutions of (2) are solved in [AB] and 

[BK] for regular initial data. There exist unique global solutions to the Cauchy 
problem with initial data  in C 2 (R n) = C 2 (R ~ ) N W 2,~ (R '~ ) for any # r 0 and any 

q >_ 1. Moreover, for # < 0 and for nonnegative initial data in C2(R '~) N LI(Rn), 

it is proved that limt-~+o~ Ilu(t)llL,(Rn) = 0 when 1 _< q _< (n + 2)/(n + 1) and 

inft>o Ilu(t)llLl(R,) > 0 when q > (n + 2)/(n + 1). These results are extended 
to irregular initial data in [BL] and [BSW]. For q = 1, more general results and 

more precise estimates are obtained in [BGL] and [BRV]. In the case # > 0, large 

time behaviour of the solutions is given in [GGK]. Existence and L 1 decay for 

u t  = A u  - a(x)uPlVul q are studied in [P]. See also [A] in the ease of bounded 

domains of R '~ . 

Let us also mention that  nonlinear parabolic systems without gradient terms, 

namely ut = Au + uP~v p~2, vt = A v  + uP21v p22, have been largely studied. See, 

e.g., [EH], [EL] and ILl and references cited there. 

When one passes from equation (2) to system (1), we lose the maximum and 
minimum principle properties. However, some elementary results concerning the 

nonnegative solutions are preserved: 

(i) The solutions to (1) satisfy u(x , t )  < (et~uo)(x), v (x , t )  < (ethvo)(X) as 
long as they exist. 

(ii) The quantities H u ( t ) I I L I ( ~ . )  and IIv(t)IILI(R.) are nonincreasing functions 

oft_> 0. 

(iii) The following integrability property holds, 

(3) (IVul p + IVvl q) dxd t  < co. 
n 

By a proper scaling, namely fi = au(ex,  e2t), ~ = flv(ex, e2t), we suppose 

# = u = -1 .  Then, taking account of the symmetry in (1) we suppose without 

loss of generality that p <__ q. 

Let C + be the unbounded subdomain of b / =  ((p,q), p _> 1, q _> 1, p _< q} 
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defined by 

{ 1 l ( n  } C + =  ( p , q ) � 9  q > ~ +  + 2 ) / ( n + l )  . 
P 

Let C- be the bounded subdomain of/4, 

r 
c -  = ~(p,q) �9 u ,  

let C o be the curve 

= { (P, q) � 9  C o 

Thus/4  = C + U C o U C-.  

1 1 } 
q <  ~ + p ( n + 2 ) / ( n + l )  ; 

1 q -  - n + + + 1 ) }  

Let s be the set of functions f defined on ]R n • ]R + , with continuous derivatives 

up to order 1 in time and 2 in space, satisfying: 

(i) f (x ,  t) >_ O, V(x, t) E R '~ • R +. 
(ii) For a l l t � 9  +, x ~  f ( x , t )  e C ~ ( R " ) .  
(iii) V~f  �9 (L~176 x R+)) n. 

When (u, v) E Z: x E is a solution to (1), we say that u and v are classical 
nonnegative global solutions with bounded gradients. 

Our principal theorem is the following. 

THEOREM 1: Suppose #, v < 0, and 1 < p < q. Let (u, v) E/Z x s be a solution 
2 ! to (1) with initial data Uo in L I (R  n, (1 + Ix[ )2dx) and vo in LI(R").  Assume 

that I1~o + volIL~(Ro) > 0. 

(i) I f  (p,q) �9 C +, then limt-~+~ Ilu(t) + v(t)llLi(R.) > o. 
(ii) I f  (p,q) �9 C-,  then limt~+oo Ilu(t) + v(t)llL,(~n) = o. 

Remark 1: The existence of solutions (u,v) � 9  • Z: to the system (1) is studied 
in [AR]. The result is stated here, though it is not final; it is expected to be 
improved upon. 

Let p, q > 2 and uo, v0 �9 C2(R ") with limlxl_~+~ uo(x) = limlzl_,+oo Vo(X) = O. 
2 ! Set R = SUPxER.(u2(x) Jr- V2(X) -~ IVU0(X)I  2 + IVv0(X) I  ) 2 .  

(i) If sup(plvl(2R)P-l,  ql#[(2R)q-1 ) _< 1, then there is a unique classical 

solution (u, v) to (1). Moreover, this solution is global with bounded gradients. 

(ii) Suppose in addition that (uo(x), Vo(X)) lies for all x �9 R'* in some closed 
ball B of R 2 containing the origin. If its radius p satisfies 

2psup([u[(2R) p-2, tp, I(2R) q-2) < 1, 
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then (u(x, t), v(x, t)) �9 B, Vx e R n, Vt > 0. 

Note that  part  (ii) leads easily to the construction of nonnegative solutions. 

The proof of part  (i) of Theorem 1 necessitates the division of C + into the two 

parts  

C + = {(p, q) e C+,p <_ (n + 2) / (n  + 1)} 

and 

er  = {(p,q) �9 e + , v  > (n + 2)/(n + 1)}. 

Similarly, the proof of part  (ii) requires the division of C-  into 

ci- = {(p, q) e c - ,  q __ (~ + 2 ) / ( .  + 1)} 

and 

(cf. Fig. 1). 

C 2 = {(p,q) E C - , q  > ( n + 2 ) / ( n +  1)} 

n + 3  
n + l  

n + 2  
nq-1 

c~+ + . : . : . : . .  

: ::iiii!iiiiiiiiiiiiiii 

n+2 n+a P 
n + l  n + l  

Figure 1. 

More precisely we have 

n + 2  
(4) lim Ilu(t)llLl(~=) -= 0 for 1 < p < - -  q > 1, 

t~+oo - - n + l '  - 
n + 2  

(5) lim I I v ( t ) l l L l ( ~ . )  = 0 for p > 1, 1 < q < - -  
t - + + o o  - -  - -  - -  n + l '  

n + 2  n + 2  
(6) lim Ilu(t) + v(t)llL~(n. ) > 0 for p > - - - - y ,  q > 

t-~+oo n + n + 1'  
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(7) lim I]v(t)]lLl(~,) > 0 for (p,q) e C +, 
t-~+cc 

(8) lim []v(t)HL~(R. ) = 0 for (p,q) E C 2. 
t-~+ov 

161 

In particular, it follows from (4) and (7) that disymmetrical decay for u and 

v occurs when (p,q) e C +. In this case, Ilu(t)llL~(~,) converges to 0 while 

IIv(t) IILI(R.) admits a positive limit as t tends to infinity. 

Note that  the case (p, q) E C ~ with p ~ q, is still an open problem. 

The ideas introduced by Ben-Artzi and Koch allow us to obtain the corre- 

sponding decay results for system (1), when p and q are both greater or both less 

than (n + 2)/(n + 1). The other cases require a more subtle adaptation, using 

some disymmetric estimates. 

The proof of (4) (resp. (5)) is exactly the same as the one of [BK, theorem 1.1], 

and we omit it. It uses the integrability at infinity of IIVu(t)ll~ (resp. IIVu(t)ll~ ) 

given by (3). This solves in particular the case (p, q) E C~-. 

To prove (7) and (8) we need some precise estimate of the decay rate of 

Ilu(t)lILl(Rn ) when p < (n + 2)/(n + 1), which is given by Lemma 2. This allows 

us to reach the cases (p, q) E C + and (p, q) E C 2 , using disymmetric estimates of 

the decay rates of the gradients of u and v. 

The analysis is similar but simpler to prove (6), which leads to the case (p, q) C 

C +. It is based on symmetrical decay rates for the gradients of u and v, which 

are the same as those in the scalar case (2). We will only sketch it. 

We will now fix some notations. We will omit the notation of the x variable 

when there is no ambiguity. We denote by [[ lit the usual norm on L~(R '~) for 
any r > 1 and {IVu(t)[[r will stand for l[[Vzu(., t)[[t r- 

Here and in the sequel we use C to denote a generic constant independent of x, t. 

That is, C may still depend on general data of tile problem in, p, q, u0, Vo,...), 

and sometimes on some small positive parameters which appear in the statements 

or the proofs of certain lemmas. To emphasize certain dependencies, we shall 

sometimes write C = C(llUoll, Ilvoll,...) or C(s). 

For similar reasons as [BK], Duhamel's principle leads to the following 

inequalities which shall be used through Sections 2, 3 and 4. For 1 < r < +c<) 

(9) 

(10) 

Itvu(t)ll  ct-i/211 ollr § c ( t -  s)-l/2111Vv( )lqll,,ds, 

s Ilvv(t)ll  <_ ct- /211volL  + c i t -  s)- /2111W(s)l% ds, 
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and 

(11) IlVu(t + s)ll~ < Cs-1/2llu(t)ll~ + c ( s -  a)-x/2111Vv(t + a)lqll~ da, 

(12) IIVv(t + s)ll~ ___ Cs-X/211v(t)ll~ + C ( s -  a)-l/21llVu(t + ~)IPlI~ d,,, 

for t > 0, s > 0. 

Note that  the first term in the right hand side of (11) [resp. (12)] can be 

replaced by Cs-(n+a)/2 Ilu(t)II1 [resp. cs-("+a)/2llv(t )111]. 
The inequality (11) with the first term replaced by Cs-("+l)/211v(t)lll and the 

inequality (12) are the starting point for obtaining nonsymmetric estimates for 

the gradients Vu(t),  Vv(t) in C +. In C + we start with (11) and (12) unchanged, 

which gives rise to symmetric estimates for the gradients. 

We shall denote by G(x, t) the heat kernel, G(x, t) = (4rt)-'~/2e -)~12/4t. Recall 

that 

j f  G(x, t) dx = 1, G(x, t) = (47rt) -u/2, sup  
n x q R n  

(13) 

L IVG(x,t)l dx =cnt -1/2, IVG(x, t)l = dnt -(n+1)/2, sup  
n x E • n  

where 
2-(n+l)Tr-n/2. 

The paper is organized as follows. Section 2 is concerned with the polynomial 

estimate of Hu(t)HLI(R,) to be used in Sections 3 and 5. In Section 3 we prove 

some estimates of the gradients of u and v to be used in Section 4. Section 4 is 

devoted to the case (p, q) G C + and we prove (6) and (7). Finally, in Section 5, 

(/9, q) belongs to C~- and (8) is derived. 

ACKNOWLEDGEMENT: It is our pleasure to thank M. Ben-Artzi, M.F. Bidaut- 

Vdron and L. Vdron for valuable conversations and suggestions. 

2. P o l y n o m i a l  r a t e  o f  decay  o f  HuHL1 w h e n  p < (n + 2) / (n  + 1) 

From now on, u and v are classical nonnegative solutions to (1) with bounded 

gradients. We suppose #, u < 0. As already mentioned, it is possible by a proper 

scaling to suppose # = u = -1 .  In this section we derive a polynomial estimation 

of Ilu(t)lll, to be used in Sections 3 and 5, when p < (n + 2) / (n  + 1), q >_ 1. Let 

us recall that Ilu(t)lll decays to zero also for p = (n + 2) / (n  + 1) (although with 

no estimate of the decay). 
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LEMMA 1: Let p,q >_ 1, and suppose that the initial data Vo satisfies 
f~ .vo(x)dx < oo. There exists N > 0 such that for a11 t > 1, there 

exists T �9 [t, Nt] satisfying IIVu(', ~)11, -< ~-l /p .  

Proof: Suppose the contrary. Then 

(14) VN > 0, 3tN >_ 1, VT �9 [tN, NtN], IIVu(',T)II p > T -1. 

Besides this, integrating (1) gives f o  f•. IVu(x,t)l pdxdt < oc. Thus (14) shows 

that  V N > 0, 

f 
NtN 

> llVu(',T)ll~dr > I n N .  
JtN 

This is a contradiction. | 

LEMMA 2: Let 1 <_ p < (n + 2)/(n + 1), q _> 1 and let u and v be nonnegative 
solutions to (1) with the initial datauo, vo satisfying fR. Uo(X)(I +]xl2) 1/2 dx < co 
and fR. vo (x) dx < cx~. Then for any e > 0 there exists C > 0 such that 

~_..+_9_ -- 
(15) I l u ( t ) l l ~  < c t  ~ - ~p *~. 

Proof: We first use two inequalities established in [BK]. 

Let r > 0. Using a Morrey type inequality one proves 

(16) ]]u(t)Hl <-2r~,<_3,` IVu(x' t)]dx+2~xl>r ]u(x,t)]dx 

and noting that  u(t) <_ G(t) �9 uo one derives (see [BK] for more details) 

(17) ~ u(x, t )dx <_ fix uo(x)dx + [[u0,[l J~lx G(x, 1)dx. 
I>,` 1>,'12 I>r/(2t 112) 

Then, by a change of variable 

~ G(x' l) dx <- ~r-n/21Sn-ll ~ e-P2p'~-l dp 
I>r/(2t 1/2) >r/(4tl/2) 

CTF -n/2 I sn- l l  ~p>,`/(4tl/2) e -p2/2 dp 

where C = supp>o e-p2/2p n-1. 
Let (~ > 0. We choose r = r(t) = t 1/2+~. Let us mention here that a choice like 

r = t 1/2 loga(2 + t) for some c~ > 0 is not increasing fast enough for the following 

purpose. 
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Then one gets 

flxl>~/(2t~/2) G(x, l) dx <_ 21/2C?r-n/2[,~n-11 ~>t~/25/2 e -'2 d~ 

and therefore 

(18) ~1>r/(2~1/2) G(x, 1) dx <_ Ce -~2~/32 

for some positive real number C depending only on n. In (18) we make use of 

the rough inequality 

p 71.1/2 a2 
err(a)---- e-P2 dp <_ -~--e- , V a > O. 

>a 

This inequality can be easily improved, but without changing the estimate of the 

lemma. 
Next, the first term on the r.h.s, of (17) is obviously estimated by 

(19) jfl~l>r/2 Uo(x) dx < 2r-l j[R Ix[uo(x) dx. 

It remains to give a bound of 2r fl~l<3~ [Vu(x, t)l dx. However, this is possible 
only for some sequence (t j) j>l  of time. This restriction shall be eliminated later 
using the fact that H u(., t)l I 1 is nonincreasing together with a suitable control of 

the sequence (t j) j>l .  
Following Lemma 1, there exists N > 0 and an increasing sequence ( t j ) j>l  

with 

lim tj = +~,  j--++oo 

(20) t j+l _< Ntj, Vj >_ 1, 

(21) IlVu(',tj)llp _< t-j 1/v, Vj < 1. 

As in [BK] it is then clear that 

2r f IVu(x, tj)l dx < 2.6"(1-1/p)rl+"(1-1/P)llVu(., t;)llp, 
1_<3r 

which gives with (21) 

J~]x ,,+1 ~+2 t-5(n+l--~) (22) 2r IVu(x, tj)] dx < dntj 2 
1<_3r 
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Combining (16), (17) with (18), (19) for t -- tj and (22) gives 

n + l  n 2 

(23) [lu(',tr < "~ ' : -"~-~)+6(,~+1-~) cne_t~,/32 _ ~,,oj + + {{XUo(x)lht~ 

Since p > 1, we have -�89 < (n + 1)/2 - (n + 2)/2p, in such a way that  

t~-�89 ~-~- ~-~*~(~+i --~ = o ( t ~  ~ ~ .  - ,  . ,).  

Moreover, 

1 6 5  

3. L ~ a n d  L 1 e s t i m a t e s  o f  t h e  g r a d i e n t s  in C + 

This section is devoted to a careful inspection of the behaviour in time of tile L 1 

and L ~176 norms for Vu and Vv. 

Lemmas 4 and 5 are concerned with the case (p, q) E C +, and Lemma 6 with 

the case (p, q) C C +. All of them are used in the next section. 

We start with the case (p, q) E C +. First we look at the L ~ norm of the 

gradients. The estimate derived in Lemma 2 will serve us in the proof of the 

following lemma. 

n+l 
e-t~6 /32 = O(t j  2 ~, +~(,+1-~)). 

Thus, for any e > 0, we deduce that  

-_e-~ _ ~_.:k2 - 

(24) Ilu(-, t j)ll l  <_ c t j  2 2p ~-~ 

for large j .  

Any positive number t lies in one of the intervals [t j , t j+l).  Since ]]u(t)lll is 

non-increasing, (20) and (21) finally give 

n + l  n - t -2  - -  e 

IJu(t)Jl~ _< C(t /N)--~---  2, ,- , 

where C does not depend on j .  This proves Lemma 2. II 

2 1 We always suppose in the following that  uo E L I ( R  n, (1 + {x I )~dx) and 

v0 e L I ( ~ " ) .  

Remark 2: In the previous proof, one sees that (16), (17), (18) (with r(t)  = 

t 1/2+~) does not depend on the assumption p < (n + 2 ) / (u  + 1). Moreover, 

f ~ l > R u o ( x ) d x  tends obviously to 0 as R --~ +oc. In this way we have 

fJ~l>r(t) u(x,  t) dx -+ 0 as t -+ +oz (besides, this argument appears in Lemma 2.1 
of [BK]). As a consequence, we wilt be able to use the analogous property for v, 
in Section 5. 
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LEMMA 3: Let  q >_ 1. 

1. Le t  p e [1, (n + 2 ) / ( n  + 1)]. I f  [[Vu(t)l[~ _< C t  - a  wi th  a �9 [0, n2-~p2 ], then 

I lVv( t ) l l~  ___ c t - z  w i t h / 3  = z + ~ .  
2. Le t  p �9 [1, (n + 2 ) / ( n  + 1)). I f  IlVv(t)ll~ < c t - ~  wi th /3  �9 [n n+2+p~ then - -  t ~ '  2pq ]~ 

1 I n + l  4- qn+lR  e .  for any ~ > 0, IlVu(t)l l~ _< c t -oe  wi th  ~ - ~p 2 ,+2 - n+2~- - 

3. Le t  p = (n + 2 ) / (n  + 1). I f  IlVv(t)lloo < c t  - ~  w i t h / 3  �9 [0, n+2+p~ then 
- -  2pq ] ~ 

I lVu( t ) l l~  < c t - "  wi th  ~ -- ~--il _ ~ n+~"+~ + ""+I R _ '.1 n + 2  t ~ - .  

Remark  3: In par t  3 it is convenient for the sequel not to replace p by 

(n -F 2 ) / (n  + 1) in c~. 

Proos 1. In view of (12), we have 

// I tVv(t) l l~___Cs- �89 (s - , , ) - l /211Vu(T +, , ) l l~d, , ,  

for s > 0, T > 0 with s + T = t. Since v(., t) is bounded by G(-, t) * v0, using the 

given assumption on II Vu(t)  ll~ we have 

�89 (25) IlVv(t)ll~ __ c s - � 8 9  -"/2 + Cs . 

We now look for s and t such tha t  the two terms in the r.h.s, of (25) are equal. 

This occurs when 

(26) r + T 7 = t 

where 7 = - n / 2  + p(~. By hypothesis 7 �9 [ - n / 2 ,  1]. 

Case a: "y �9 [0, 1]. There  exists a unique T = T(t) satisfying (26). This T verifies 

t / 2  < T < t for t large enough (t _> 2). 

Case b: "y �9 [ - n / 2 ,  0). There  exist two solutions r l ( t )  < T2(t) to (26), satisfying 

7" l ( t )  "~ ~-~ t and T 2 ( t )  ~ t near  infinity. We then keep T = T 2 ( t ) .  

In bo th  cases, for t sufficiently large, there exists a solution T of (26) satisfying 

T �9 [t/2, t]. With  this T 

z T _ n / 2  �89 --poe --tn---a-P--9-'~ 
8 - ~  ~ 8 T ~ T ~ 4 - -  2 ~. 

Then  
_ ( n_ § p_9_ ~ 

I lVv( t ) l l~  _< ~ t  ,~ ~ ,. 

2. The  proof  is similar. Here p �9 [1, (n + 2 ) / (n  + 1)). Following (11) along with 

the comments,  and using the assumption on IlVv(t)ll~ and the est imate (15) of 

Lemma 2, we deduce 
n-}-I n - I - 1  n - } - 2  - -  1 ,~ 

(27) I[vu(t) l l~ <_ C s -  ~ T T -  ~. *~ + Cs~T-q 
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where s, T > 0, S + T = t and for any e > 0. The  two te rms  in the r.h.s, of (27) 

are equal  when T + T ~ = t where 

__2~ _ n + l  1 + 2q2 fl + 2r 
% = 3 ' + n + 2  n + 2  p n +  n + 2  

The  hypothesis  fl < (n + 2 + p)/2pq gives 3' C ( - c r  1). Now fix e wi th  % = 

+ 2r + 2) < 1. Repea t ing  the same a rguments  as those in pa r t  1 we obta in  

the existence of T = T(t, r satisfying r C It/2, t] and T+~  -~  = t for large t. Then  

(28) IlVu(t)llo~ < Ct -~+�89  ~2 .  

This gives the s ta ted  es t imate  for any 0 < c < 1 - 7 and then  for every ~ > 0. 

3. Here p = (u + 2 ) / (n  + 1). We use the fact t ha t  Nu(t)N1 is bounded  instead 

of L e m m a  2. Then  (27) holds replacing r by 0 and (28) is t rue  wi th  e = 0. | 

We proceed now to establish a L ~ ( R  n) bound for Vu( t )  and Vv( t ) .  

LEMMA 4: Let (p, q) E C+1 . For any e > 0 we have 

n + l  - -e 
IlVu(t)llo~ < c t  -:~-~+~ and IlVv(t)ll~ < c t - - T *  

Proof: Let us recall t ha t  (u, v) is supposed to be in s • s  and therefore V u  is 

uniformly bounded.  The  proof  is a consequence of L e m m a  3. Here p, q, n are 

fixed with  (p, q) G C +. 

Case I: p C [1, (n + 2 ) / (n  + 1)) and pq < 2 n---+-7 Observe t ha t  we have n + l  " 

2 n+2 - -  2 + qn 
p(n+l )  

2(2(n + 2 ) / (n  + 1) - pq) 
n + 2 - p  

2(2(n + 2 ) / (n  + 1) - pq) 

Then  fix e > 0 satisfying 

2 n+2 - 2 + qn 
p(n+l )  (29) 
2 ( 2 ~  - p q )  

(30) n + 2 - p 
2 ( 2 ~  - p q )  2 

(31) n + 2 + p 
2pq 

(32) 

n + 2  
- -  >Or EC +, 

2p 
n + l  
T > 0 r  E C  +. 

_n+2 
n + 2 4~n+ 1 - - >  

2 ;  - pq) '  

n + 2  ~ .  n + 1 2-y-42t,~ - - >  
(2n+2 _ pq)' 
t - n + l  

n + l ~  n +...~22p - > 1 + q - ~ - ~  ) r 
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With this e and in view of Lemma 3 we can start a bootstrap with IIVu(t) ll~ and 
lIVv(t)ll~. To do this we consider the sequence ((~j)j>_o of real numbers defined 

by 

1 n + l  
(33) =2p + 2) 

n p 

with (r0 = 0. 

The subsequences (~2j)j>o and (a2j+l)j>o may also be defined as follows: 

n + l  
- -  + q ' - " Y ~ 2 j - 1  -- e,  n +z  

(34) 
{0~2 j = ~p _ n + l  qn(n-4-1) ..[_ pqn_~O~2  j 2 

2(n4-21 "4- 4(n-b2) 2(n+2) _ -- C, 
~0  ---- O~ 

and 

(35) 
{C~2j+ 1 : ~ -- p (n+ l )  pq (n+l )_  

4(~+21 + ~ 2 j - 1  - 2, 
m n 

Since (p, q) E C +, we have p < (n + 2)/(n + 1) < q, in such a way that  

(36) 

(37) 

1 n + 1 qn(n + 1) 
0~2 ~ - -  -4- C > 0----- 0~0~ 

2p 2(n + 2) 4(n + 2) 

n + 1 p(n + 1 / pq(n + 11 n pe n 
ol3-- ~ -  4(n+2------~ + 2 ( n + 2 )  4 - 2 - > 4  ---~ 

provided that c satisfies 

n 
(381 < 

We then deduce from (36) and (37) together with the fact that  

pq(n+ 1) /2 (u+  2) > 0 that  the subsequences (c~2j)j>_o and (a2j+l)j_>0 are 

increasing. 

~ o m  pq(n+ 11/2(n+2)  < 1 we deduce that limj_~+o~a2j = 11 and 

limj_~+oo a2j+l = 12, with 

2 ~+2 _ 2 + q n _ 4 ( n + 2 ) / ( n + l ) ~  

2(2 (n+2) / (n+l )  -pq)  

and 
n + 2 - p - 2 ( n + 2 ) / ( n +  1)pc 

L 2 ---~ 
2 (2(n + 2)/(n + 1) - pq) 
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Moreover, (29) and (30)imply 

n + 2  
(39) 11 > 2p 

n + l  
(40 / 12 > ---$-- 

In (39), we write strict inequalities since we are allowed only a finite number of 

iterations in the bootstrap. 
In view of (39) and (40), we know that (32i,32i+1) does not remain in 

[0, n+2] x [0, n+2+v) for all j > O. 
2p 2pq - -  

Suppose that the first out is 32io: that is to say, 

n + 2 .  n + 2 +  n + 2  
(c~2j, a2j+l)  E [ 0 , - ~ p  J •  2pq P) ,V j<jo  and c~2jo> 2---p- 

Then take a = (n + 2)/2p in Lemma 3(1) to obtain fl = (n + 1)/2. Consequently, 

Lemma 4 is valid with e = 0. Actually this case never occurs, however it is easier 
to consider it rather than to show that it never happens. 

The remaining case is when 32i1+1 is the first out. It is in this case that we 

lose an e > 0 in the estimates. Indeed 

(a2j-l, a2j) E [0, n+2+p)  "0 n + 2 .  2pq x [ , ---~p ], V j < jl 

Then take 

n + 2 + p  
(41) fl - c 2pq 

in Lemma 3(2) since/5 _> 0 by (31). We obtain 

(42) 

a n d  O~2jl q- 1 > 
n + 2 + p  

2pq 

1 l n + l  n + l ~  
a - 2 p  2 n + 2  + q - ~ - ~ p - e  

n + 2  (1 n + l x  + q-~--~ ) c. 

By (32), we have a > 0. Then apply Lemma 3(1) to obtain a new exponent 

n + l ~  n p n + l  P 1 +  
(43) f l = ~ + ~ a =  2 2 q-~-~)e.  

Case II: p E [1, (n+2)/(n+l)) andpq > 2 n+2 It is a straightforward modifica- --  n + l  " 

tion of the previous proof. Here we have limj_~+~ a2j = limj-.+oo a2j+l = +cr 

The required assumptions on e are only (38), (31) and (32). 
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Case IIh p = (n + 2)/(n + 1). It is similar to Cases I and II, but simpler. 
Indeed, invoking Lemma 3(3) instead of Lemma 3(2), (aj)j>0 is defined as in 

(33) replacing e by 0. No e appears until (41). The s in (41) needs to satisfy 
only (31) and (32). Then (42) and (43) are valid for p = (n + 2)/(n + 1). 

LEMMA 5: 

(44) 

and 

(45) 

In all cases, inequalities (42) and (43) prove Lemma 4. | 

Next we look at the L 1 bound of the gradients, in terms of Ilu(t)ll~ and IIv(t)lll. 

Let (p, q) C C +. Then 

ItVu(t + s)lll _< C (s-�89 Ilu(t)lll + t-~(q-~)+~llv(t)llO 

IlVv(t + 8)111 ~ C (t-~-~-~(P-~)+~llu(t)lll + +s-�89 

hold for large t and 0 < s < t. 

Proof'. Observe that we have, for p < q, 

n +  n + l .  
2 p 2 ( p -  1) + - - - -~  (q - 1) > 1 r162 (p,q) E C +. 

Then fix e > 0 satisfying 

n + 2 ,  n + l ,  
(46) l + 2 e < - ~ p  ( p - 1 ) + - - - ~ ( q - 1 ) .  

Following (9)(10) and Lemma 4 we have for any t,s > 0 

f: IIVu(t+s)llx < Cs-�89 (s-(r)-�89 (47) 

and 

fo (48) IIVv(t+s)lll < Cs-�89 -(p-1)+~ (s-a)-�89 

Define 

g(s) = sup ol/211Vu(t +,~)111, h(s) = sup ~l/211Vv(t +,~)111. 
0 < a < s  0 < a < s  

Plugging (48) into (47) we derive an inequality involving g(s) only: 

t n_..+A, 1" (49) g(s) <<_Cllu(t)llt + C s ~ t -  ~ ~q- )+~llv(t)lll 
+ Cst-~-gz(p-1)-"~(q-1)+2~g(s).  
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Similarly, the following inequality involving h(s) holds: 

(50) h(s) <_Cllv(t)[[~ + Cs�89 
n+2 n+l 1 2 

_~_ Cst--7-C-p ( p - 1 ) - - - g - ( q -  )+ e h ( s ) "  

From (46), we obtain for large t and s < t 

.+2 ~ 2 1 C s t - - ~ - p  ( P - l )  - 2 ( q - l ) +  e < --. 
- 2  

Therefore (49)-(50) prove Lemma 5. | 

Remark 4: It is easy to see that (44) and (45) still hold for t ___ tl and s _< ~t, 

where tl is some fixed positive real number, and 7} depends only on tl.  This 

property will be used below, in the proof of Lemma 9. 

The case (p, q) C C + remains to be dealt with. The analysis is analogous but 

simpler than the previous one. Indeed Vu(t) and Vv(t) are subject to the same 

treatment and no e appears. As a matter of fact, the decay rates of both Vu(t) 

and Vv(t) in the L ~176 norm are the same as those in the scalar case (2) and 

therefore do not depend on the parameters p and q. We obtain the analogous 

results as those of Lemmas 4 and 5. They are stated in the following lemma, 

where the assumption p < q is shown to be needless. 

LEMMA 6: Suppose p, q > (n + 2)/(n + 1). Then 
n+l n+l 

(i) [IVu(t)ll~ _< ct---r- ,  ]lvv(t)l]~ _< ct---r- .  
For large t and s <_ t, we have 

(ii) IlVu(t + s)llx ___ c (s-�89 Ilu(t)ll, + t -~ (q -1 ) l l v ( t ) l l l ) ,  

(iii) ]]Vv(t + s)[[1 _~ C ( t --~/(P-1)[] 'a( t ) [[1 --~ s- �89 

4. T h e  case (p, q) E C + 

In this section we establish (6) and (7), that  is to say, the positivity of the limit 

of Ha(t) + v(t)[[1 for (p,q) e C + or (p,q) e C + , if [lu0 + v0H1 > O. 

We start with the case (p, q) C C+: the proof of (7) results from Lemmas 7 to 
9. 

Let us recall here that Ilu(t)H 1 tends to 0 at infinity in view of (4) and that  

tlv(t)lll admits a nonnegative limit. 
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LEMMA 7: Let (p, q) E C +. 
It' IIv(t)lll ~ o as t -~ + ~ ,  then  Ilu(t)llx, IIv(t)llx, IWu(t)llo~ and IIVv(t)ll~ 

decay faster than any negative power of t. 

Let I ( t )  = Ilu(t)llx and J( t )  = IIv(t)lll. Integrating (1) gives, for all Proof: 
t > O ,  

(51) 
(59.) 

(53) 

(54) 

where 

It(t) >_ - CllVv(t)[l~ -1 [JVv(t)[ll, 

Jr(t) >_ - CllVu(t)[[~ -~ [[Vu(t)[[1. 

Thus, from Lemma 4 and Lemma 5, we get for large t 

- I t ( t )  <_C (t- l-~I(t /2)  + t-~J(t /2))  , 

-Jr(t)  <_C (t-/3I(t/2) + t - t -~J( t /2 ) ) ,  

n + l ( q _ l ) +  1 n + 2  1 
a =  2 ~ - e ,  f l =  2p ( p - 1 ) + ~ - e ,  

n + l ,  n + 2  
1 + 5 = - - - ~  (q - 1) + --~--p (p - 1) - 2e. 

Since (/9, q) E C +, we can choose e in such a way that  

(55) a > l ,  f l < l ,  5 > 0 ,  a + / ~ = 2 + &  

Then we use the boundedness of I and J ,  together with the inequality 1+5 < a,  

to obtain from (53) 

- I t ( t )  <_ - C t  -I-~, 

and, after integrating over It, +cx)), 

1(0  < c t  -~. 

Iterating this process, we find 

-I t ( t )  < -C( t  -1-2~ + t-")  and I(t) < Ct -min(2&a-1) 

After a finite number of steps, this leads to the estimate 

(56) I(t) ~_ Ct 1-a. 

Plugging this estimate into (54), and noting that  1 - a - / ~  = -1  - 5, gives 

after integration 

(57) Y(t) < Ct -~. 
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We now use the same techniques to prove by i terat ion tha t  

(58) I ( t )  <_ Ct  1-a-k5 and J( t )  <<_ Ct  -kS. 

for all integers k. This  establishes the s ta ted  decay for Ilu(t)lll and IIv(t)lll. 

For proving the corresponding result relative to IIVu(t) l l~ and IIVv(t) l l~,  we 

use the same me thod  as in the proof  of L e m m a  3. 

Suppose t ha t  Ilu(t)lll + IIv(t)lll <<_ Ct  -k ,  for some integer k. 

Using L e m m a  4 after  se t t ing t = s + 7-, it is easy to  obtain,  as for (27), 

IIVu(t)ll~ < C s - ~ r  -k + Cs'/2T -q(~-~). 

The  two te rms  in the r.h.s, m e m b e r  are equal if r satisfies r + 7-~ = t, where 

( n +  1 - 2 e ) q -  2k 
V =  

n + 2  

This  exponent  is less t han  1 for sufficiently large k. For all t > 0, we can define 

T = ~'(t) satisfying T + T ~ = t, in such a way tha t  T ( t )  ~ t near  infinity. We then 

obta in  

k ( n - b l ) ( n + l - - 2 e ) q  
(59) l lw(t) l l~  _< c r  ~ 2(~ 

A similar  compu ta t ion  gives 

k n + l .  ( n + l ) p e  
(60) Hvv(t)H~ < c t - ~ -  2 ~ ~ 

Taking a sufficiently large k, we obta in  the s ta ted  decay. | 

LEMMA 8: Let (p,q) �9 C + and suppose that Ilu(t)ltl, IIv(t)lll, IIVu(t) l l~ and 
l lVv(t) l l~  decay faster than any negative power o f  t. Then 

(61) Ilu(to)N1 = IIv(to)lll = 0 

for some to > O. 

P r o o f  Using the same a rgument  as [BK] ( L e m m a  3.4), we prove the existence 

of some to > 0 such t ha t  

(62) Ilu(2s)lll + IIv(2s)ll, _> ~(I]u(s)H 1 § Ilv(s)lll ) 

for all s _> to. 
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Let us fix t > 0. 
estimate 

we get 

Defining g(s) as in the proof of Lemma 5, and using the 

Ilu(t)lll + IIv(0tlx + IlVu(t)ll~ + IlVv(011~ < Ct -k, 

g(s) < Cllu(t)ll~ + C81/2t-k(q-1)tlv(t)lll +4-Cst-k(P+q-2)g(8). 

Choosing k sufficiently large, we obtain for large t and 0 < s < t 

I lw(t  + s)lll < c~-I/2tl~(t)Ill + ct-k(q-~)llv(t)ll~. 

Integrating (1), it follows that for large s 

IIv(s)lll- IIv(2s)lll 

< IlVu(~)ll~-~llVu(~)ll~ dcr 

<Cs-k(p-')+l/211u(s)llx + Cs-k(p+q-2)+~llv(s)lll. 

Therefore it is easy to obtain, choosing k sufficiently large, that  

Ilv(s)llx -IIv(2~)111 ___ ~(llu(s)llx + IIv(s)ll~) 
14 

holds for large s. 

Similarly, 
1 

ilu(s)ili - l i~(2s)l l l  ~ 4(i;u(s)ill + itv(s)lll) 

holds for large s. 

Adding the previous inequalities proves (62). 

To achieve the proof, we establish that to satisfies (61). 

Set K(t)  = Ilu(t)ltz + IIv(t)lll, and for all integers j ,  sj = 2it0. It follows from 

(62) that 
g ( s j )  > 2-Jg( to)  = s ; l tog( to ) .  

Since K is assumed to decay faster than any power of t, we have 

and K(to) = O. [ 

lim s jK(s j )  = O, 
s-~+oo 
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LEMMA 9: Let (p, q) E C + and suppose tha t  (61) holds for some to > 0. Then 
U~--V----0.  

Proo~ As shown in Remark  4, the inequalities obtained in L emma  5 are still 

valid for all t greater  than  some fixed t l  (say t l  -- to/2) ,  and s < ~lt, where 

only depends on t l  and may be supposed less than  1. 

Let us fix t _> to/(1 -t- ~?) _> to/2,  and compute  as in the proof  of Lemma 7. For 

all s <_ ~?t, we obtain with the same notat ions 

(63) -1~(t + s) _<C ( t - l - ~ I ( t )  + s-1/2t -~ 

(64) - Jt(t + s) <_C (s-1/2t -z+1/2 I(t) + t -1-~ J (t) ) . 

Noticing tha t  fl < 1 < c~, we show tha t  the function K = I + J satisfies 

- K t ( t  + s) <_ C (t -1-~ + s-1/2t -~+'/2) K(t) .  

Since K(to) = 0 and to - t _< yt, we have 

f 
t o - - t  

K(t)  = - Kt( t  + s) ds 
J0 

<_CK(t) ( t - l -~( to  - t) + 2t-~+l/2(to - t )  1/2) 

<_C ((to/2) -1/2-~ + 2(to/2) -~+1/2) (to - t)l /2K(t).  

For t close enough to to, we get 

((to~2) -1/2-~ + 2(to/2) -~+1/2) (to -t) 1/2 < 1, C 

thus K(t)  = 0. So K - l ( { 0 } )  is a nonempty,  closed and open subset of (0, +c~).  

As a consequence, K = 0. | 

We are now able to prove the result given in (7). It  is now similar to [BK]. 

Suppose tha t  Ilu(t) + v(t)lll -+ 0 as t --+ +oo, with (p,q) E C+1 . By Lemma 7 

the decay of IIv(t)lll is faster than  any power of t. Then  Lemma 8 shows tha t  

Ilu(to) + v(t0)lll is zero for some to _> 0. Lemma 9 implies then by continuity 

tha t  IlUo + v0111 = 0. | 

In the remaining case (p, q) C C + we follow the same process, to prove tha t  

the assumption Ilu(t) + v(t)II1 --+ 0 as t --+ + ~  implies ]lUo + v0111 = 0. We only 

need to replace the results of Lemmas 4 and 5 by those of Lemma 6. 
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5 .  T h e  c a s e  (p, q) E C 2 

We prove here the validity of (8), i.e., that Ilv(t)]]l -+ 0 as t --+ +oo if (p, q) C C~-. 

Let (p, q) C C 2. Note that the conditions pq < (n + 2 + p)/(n + 1) and q > 

(n + 2) /(n + 1) imply p < (n + 2)/(n + 1), in such a way that (15) holds. 

We fix some 5 > 0 and set r(t) = t�89 +~. 
As shown in Remark 2, we have for all t > 0 

IIv(t)l]l _< 2r(t) f IVv(x,t)ldx + 2 f v(x,t)dx, 
1_<3r(t) . /Izl>r(t) 

with 
lim f v(x,t)dx=O. 

t-~+o~ Jb~l>r(t) 

Suppose that limt-~+oo ]]v(t)lll > 0. We then have for large t 

f IVv(x, tlldx, 0 < C < r(t) Jlxl<3r(t) 

which gives, by using the Hhlder inequality, 

0 < C <_ t(n+a-n/q)(1/u+n)llVv(t)llq. 

Thus, with the notations introduced in Lemma 7, 

- I '  (t) = IlVv(t)ll~ _ Ct (n-(n+l)q)(1/2+5) 

and, after integrating on (t, +c~) (since I(t) --+ 0 and ( n -  (n+  1)q)(�89 +6)  < -1 ) ,  

I(t) >_ Ct (~+2-(n+l)q)(1/2+~). 

Combining with (15), this leads to 

( n + 2 - ( n + l ) q ) ( ~ + 6 ) < _ - -  

that is, 

n + l  n + 2  - - + C ,  
2 2p 

n + 2 + p  
n + l  

<_pq+2p e +5 q n+ " 

Choosing e and 5 small enough, this contradicts the assumption (p, q) E C 2 

and achieves the proof. I 



VoL 123, 2001 DECAY PROPERTIES 177 

References  

[A] N. Alaa, Solutions faibles d'~quations paraboliques quasilin~aires avec donn6es 

initiales mesures, Annales Math6matiques Blaise Pascal 3 (1996), 1-15. 

[AB] L. Amour and M. Ben-Artzi, Global existence and decay for viscous Hamilton- 

Jacobi equations, Nonlinear Analysis. Theory, Methods ~z Applications 31 
(1998), 621-628. 

[AR] L. Amour and T. Raoux, Global existence for nonlinear parabolic coupled 

equations, in preparation. 

[BGL] M. Ben-Artzi, J. Goodman and A. Levy, Remarks on a nonlinear parabolic 

equation, Transactions of the American Mathematical Society 352 (2000), 731- 
751. 

[BK] M. Ben-Artzi and H. Koch, Decay of  mass for a semilinear parabolic equation, 

Communications in Partial Differential Equations 24 (1999), 869-881. 

[BL] S. Benachour and P. Lauren~ot, Global solutions to viscous Hamilton-Jacobi 

equations with irregular initial data, Communications in Partial Differential 
Equations 24 (1999), 1999-2021. 

[BRV] S. Benachour, B. Roynette and P. Vallois, Asymptot ic  estimates of  solutions of  

u~ -- A u -  t~Yut in •+ x ~d, d >_ 2, Journal of Functional Analysis 144 (1997), 
301-324. 

[BSW] M. Ben-Artzi, P. Souplet and F.B. Weissler, Sur la non-existence et la non- 

unicitd des solutions du problbme de Cauchy pour une dquation parabolique 

semi-lindaire, Comptes Rendus de l'Acad6mie des Sciences, Paris, S6rie I Maths 
329 (1999), 371-376. 

[EH] M. Escobedo and M. A. Herrero, Boundedness and blow-up for a semilinear 
reaction-diffusion system, Journal of Differential Equations 89 (1991), 176-202. 

[EL] M. Escobedo and H. A. Levine, Critical blow-up and global existence num- 
bers for a weakly coupled system of  reaction-diffusion equations, Archive for 
Rational Mechanics and Analysis 129 (1995), 47-100. 

[GGK] B. Gilding, M. Guedda and R. Kersner, The Cauchy problem for u~ = 

Au  + 1~Yu[q, preprint. 

[L] G. Lu, Global existence and blow-up for a class o f  semilinear parabolic systems: 

a Cauchy problem, Nonlinear Analysis. Theory, Methods & Applications 24 
(1995), 1193-1206. 

[P] R.G.  Pinsky, Decay of  mass for the equation u~ = Au - a(x)uPtVul q, Journal 
of Differential Equations 165 (2000), 1-23. 


